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ABSTRACT We study the trajectory of an allele that affects a polygenic trait selected toward a phenotypic optimum. Furthermore,
conditioning on this trajectory we analyze the effect of the selected mutation on linked neutral variation. We examine the well-
characterized two-locus two-allele model but we also provide results for diallelic models with up to eight loci. First, when the optimum
phenotype is that of the double heterozygote in a two-locus model, and there is no dominance or epistasis of effects on the trait, the
trajectories of selected mutations rarely reach fixation; instead, a polymorphic equilibrium at both loci is approached. Whether
a polymorphic equilibrium is reached (rather than fixation at both loci) depends on the intensity of selection and the relative distances
to the optimum of the homozygotes at each locus. Furthermore, if both loci have similar effects on the trait, fixation of an allele at
a given locus is less likely when it starts at low frequency and the other locus is polymorphic (with alleles at intermediate frequencies).
Weaker selection increases the probability of fixation of the studied allele, as the polymorphic equilibrium is less stable in this case.
When we do not require the double heterozygote to be at the optimum we find that the polymorphic equilibrium is more difficult to
reach, and fixation becomes more likely. Second, increasing the number of loci decreases the probability of fixation, because
adaptation to the optimum is possible by various combinations of alleles. Summaries of the genealogy (height, total length, and
imbalance) and of sequence polymorphism (number of polymorphisms, frequency spectrum, and haplotype structure) next to
a selected locus depend on the frequency that the selected mutation approaches at equilibrium. We conclude that multilocus response
to selection may in some cases prevent selective sweeps from being completed, as described in previous studies, but that conditions
causing this to happen strongly depend on the genetic architecture of the trait, and that fixation of selected mutations is likely in many
instances.

TO improve our understanding of the genetics of adapta-
tion, recent approaches of molecular population genetics

and genomics have attempted to detect signatures of positive
selection in the genome (selective sweeps) (Stephan 2010).
Typically, these studies reveal many genes or gene regions
that may have been under positive selection. However, the
relationship between the genes under selection and associ-
ated traits remains usually unknown. Here we follow the
opposite direction by starting with phenotypes and working
toward the genotypes. A phenotype may be determined by
a multitude of genes as well as the environment. Multilocus
population genetics has been developed in the last decades

to describe the evolution of multilocus systems and pheno-
types (Bürger 2000). Different types of selection, such as
directional, stabilizing or disruptive selection, modify the
genetic constitution of the population and favor either ex-
treme or intermediate genotypic values of the trait. In this
study we focus on stabilizing selection, which drives a trait
toward a phenotypic optimum. We investigate the trajectory
of an allele affecting the phenotypic trait (from low fre-
quency up to an equilibrium value). We are particularly in-
terested in exploring the parameter range of trajectories that
fix and therefore might generate selective sweeps.

Historically, there has been a great interest in the main-
tenance of genetic variability under stabilizing selection,
because stabilizing selection is assumed to operate on traits
in various organisms, for example, the coat color in mice
(Vignieri et al. 2010), human facial features (Perrett et al.
1994), plant defense mechanisms (Mauricio and Rausher
1997), enhancer elements in Drosophila (Ludwig et al.
2000), and vocalization in frogs and toads (Gerhardt 1994);
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see also Endler (1986, Chap. V) for examples and discus-
sion. Furthermore, it has been suggested that this type of
selection exhausts genetic variation (Fisher 1930; Robertson
1956).

By contrast, many quantitative traits exhibit high levels of
genetic variability. This contradiction motivated researchers to
study the role of mutation (Lande 1975; Turelli 1984; Gavrilets
and Hastings 1994; Bürger 1998), overdominance (Bulmer
1973; Gillespie 1984), migration (Tufto 2000), frequency-
dependent selection through intraspecific competition for
some resource (Bürger 2002; Bürger and Gimelfarb 2004),
genotype–environment interaction (Gillespie and Turelli 1989),
pleiotropy (Hill and Keightley 1988; Barton 1990; Zhang
and Hill 2002), and epistasis (Zhivotovsky and Gavrilets
1992). Additionally, a lot of work has been devoted to ex-
ploring the ability of stabilizing selection in maintaining ge-
netic variability of quantitative traits that are controlled by
multiple loci in the absence of mutation. Theoretical focus
was mainly on two-locus models, but also models of more
than two loci have been analyzed.

Surprisingly, predictions about genetic variability depend
profoundly on the number of loci. The two-locus model
predicts that genetic variability may remain in the popula-
tion due to stabilizing selection per se. On the other hand, in
models with more than two loci the amount of genetic var-
iability maintained by stabilizing selection is smaller. The
reason is that the optimum can be approached very closely
by various homozygous genotypes (Bürger 2000, Chap. VI)
when there are more than two loci that control the trait. For
the two-locus model, and assuming a symmetric viability
model, such that the double heterozygous genotype is optimal
and the fitness values of the remaining eight genotypes are
symmetric about the optimum (e.g., Bodmer and Felsenstein
1967; Karlin and Feldman 1970), it has been shown that
there are nine equilibria (Bürger 2000), seven of which can
be stable but not simultaneously. Those seven equilibria split
into four classes (Bürger and Gimelfarb 1999): they can be
polymorphic for both loci or one of them or totally monomor-
phic. Because analytical solutions of the two-locus model are
available, analysis of this model plays an important role in our
study.

To our knowledge, the first effort that bridges quantita-
tive trait evolution and selective sweeps was made by Chevin
and Hospital (2008). Their work was based on a seminal
article by Lande (1983). Lande’s model focuses on one locus
of major effect on the trait and treats the remaining loci
of minor effects as genetic background for this locus. It is
assumed that heritable background variation is maintained
at a constant amount by polygenic mutation and recombi-
nation (Lande 1975, 1983); also, the various loci that affect
the trait are unlinked and there are no epistatic interactions.
Chevin and Hospital (2008) used Lande’s model to infer the
deterministic trajectory of a beneficial mutation that affects
a quantitative trait in the presence of background genetic
variability. They studied both directional and stabilizing se-
lection and showed that fixation needs longer time than in

the classical one-locus model (i.e., when genetic variability
in the background is absent). In the case of stabilizing se-
lection their approach (based on Lande’s model) suggests
that the occurrence of selective sweeps at quantitative trait
loci (QTL) is expected to be very rare. In contrast to Chevin
and Hospital (2008) the present study assumes an explicit
number of loci that determine the trait, as this was done
by Bodmer and Felsenstein (1967), Karlin and Feldman
(1970), and Bürger (2000, Chap. VI). Therefore, the as-
sumption of constant variability in the genetic background
is relaxed since the genetic background is modeled explicitly.

We analyze the evolution of the deterministic multilocus
model and also its stochastic analog assuming a finite con-
stant effective population size. The focus is on the properties
of the trajectory of a new mutation at a certain locus (called
focal locus thereafter) that affects the trait under selection.
We also examine the parameters (such as the recombination
rate and the contribution of the alleles to the phenotype)
that affect the fixation probability of the new mutation.
Finally, conditioning on the trajectory we generate coales-
cent simulations and examine the properties of the genea-
logy and the associated polymorphism patterns. Results are
presented for the classical two-locus two-allele model, but
we also extend the analysis up to an eight-locus two-allele
model.

Methods

The general model

We consider a diploid population of size N and a quantitative
trait under selection. The quantitative trait is controlled by l
diallelic loci with no epistatic interactions on the phenotype.
There is no dominance of allelic effects on the trait (but
there may be for their effects on fitness). The alleles at the
locus i are labeled as L1i and L2i . Allele L1i contributes z1i to
the trait, and the contribution of L2i is z2i for each i. The
optimum for the trait is set to 0 without loss of generality.
The recombination fraction between loci i and i + 1 is ri ,
0.5. At time t ¼ t0, the frequency of L1i is p0ðL1i Þ; the loci are
in linkage equilibrium (D = 0). The trait is assumed to be
under a Gaussian fitness function; i.e., if the phenotypic
value of an individual is P, then its fitness is given by
WðPÞ ¼ expð2P2=v2Þ, where v2 determines how fast the
fitness decreases away from the optimum (the smaller v2,
the faster the fitness is decreasing). Note that due to the
fitness function the effects of the alleles on fitness are not
additive. Here, the phenotypic value P is determined solely
by the genotype. However, it is straightforward to include en-
vironmental noise assuming that the environmental compo-
nent is normally distributed with mean 0 and variance s2

E by
replacing v2 in the Gaussian fitness function by v2 þ s2

E
(Lande 1976). Sexes are equivalent and mating is random.

The population evolves forward in time from t ¼ t0 to the
present t ¼ 0, and generations do not overlap. The mutation
rate is 0 (see Supporting Information, File S1, Implementa-
tion, for extensions of the model). In each generation, the
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life cycle consists of (i) the zygote phase, (ii) viability selec-
tion, where individuals are selected as parents for the next
generation according to their fitness value, (iii) recombina-
tion for each of the parents where gametes are formed, and
(iv) random mating to form the zygotes of the next gener-
ation. In step iv, N matings take place among N individuals.
Each mating produces one diploid offspring and each indi-
vidual can participate in multiple matings as a male or
female. In each generation, at the zygote phase, the frequen-
cies of the alleles of the locus of interest are recorded and
the trajectories are stored. Note that in this model selection
and drift act simultaneously in step ii, where a finite number
of individuals is chosen as parents for the next generation.
Also, random genetic drift acts in steps iii and iv: from a pair
of gametes only one recombinant is chosen to pass to the
next generation.

Recursion equations of the multilocus model

As mentioned above, the two-locus two-allele model has
been widely used and will serve here as a reference point.
We are particularly interested in the work of Willensdorfer
and Bürger (2003) who explore the equilibrium properties
of the two-locus two-allele model for Gaussian selection un-
der the assumption of a symmetric fitness function for which
the double heterozygous genotype is optimal and the fitness
values of the remaining eight genotypes are symmetric
about the optimum (see also Table S1). The analysis of
Willensdorfer and Bürger (2003) provides the existence
and stability criteria for the equilibrium points of the model.
The fitnesses of the nine possible genotypes are shown in
Table S1B. Let x1, x2, x3, and x4 represent the frequencies of
the gametes L11L

1
2, L

1
1L

2
2, L

2
1L

1
2, and L21L

2
2, respectively. A clas-

sical result (e.g., Karlin and Feldman 1970; Willensdorfer
and Bürger 2003) gives the recursion relations for the fre-
quencies in the next generation as

�Wx9i ¼ xiWi 2hirD for  i ¼ 1; 2; 3; 4; (1)

where h1 ¼ h4 ¼ 1 and h2 ¼ h3 ¼ 21.Wi; i ¼ 1; 2; 3; 4, is
the marginal fitness of gamete i and D ¼ x1x42x2x3 meas-
ures the linkage disequilibrium. The average fitness is
�W ¼ P4

i¼1 xiWi. No explicit solution for the system in Equa-
tion 1 is known (Reinhard Bürger, personal communica-
tion). Note that the model in Equation 1 is deterministic;
i.e., random genetic drift is neglected.

Willensdorfer and Bürger (2003) parametrize the model
so that the effect of alleles L11, L

2
1, L

1
2, and L22 are 2g1=2;

g1=2; 2g2=2, and g2=2, g1 $ g2 $0; then, the double het-
erozygote has the optimal phenotype. Let ai denote the fit-
ness for the gi phenotype, i.e., ai ¼ expð2gi=v

2Þ under the
Gaussian selection function. v2 quantifies the strength of
selection (1/v2 corresponds to s in Willensdorfer and Bürger
2003). They show that a1 and a2 and the recombination
fraction r determine the equilibrium properties of the model
(see also Willensdorfer and Bürger 2003, Equations 3.1,
3.2a, 3.2b, 3.8). We further demonstrate that the initial

frequencies of the alleles determine to a large extent
whether a new mutation will be fixed. For the symmetric fit-
ness models in this study we use the model of Willensdorfer
and Bürger (2003) as it was described above. Note, how-
ever, that by assuming that the effects of the alleles of the
same locus are opposite (as has been assumed here) we
study only a subcategory of symmetric fitness models. In
general, when the optimum value is 0, any model with
z11 þ z21 þ z12 þ z22 ¼ 0 will result in a symmetric fitness
model.

While Equation 1 describes the evolution of two-locus two-
allele models, for more loci the following classical equation
(see Gimelfarb 1998 and references therein) describes the
evolution of gametic frequencies,

p9ðgiÞ ¼ W21
X

j

X
k
pðgjÞpðgkÞwðgj; gkÞHðgijgj; gkÞ; (2)

where W ¼ P
j
P

k pðgjÞpðgkÞwðgj; gkÞ, gi, gj, gk are gametes,
p, p9 describe gametic frequencies at two successive gener-
ations, wðgj; gkÞ denotes the fitness of the zygote formed by
gj and gk, and Hðgijgj; gkÞ denotes the probability to obtain
a gi gamete from gj and gk parents (see File S1 for imple-
mentation details).

Lowess procedure

To capture the effect of the parameters on the equilibria in
the system, we used the Lowess or Loess (locally weighted
scatterplot smoothing) function. Lowess is a method that fits
lines to scatterplots (Cleveland 1979). Lowess fits low-degree
(usually 1 or 2) polynomial curves to localized subsets of the
data. Thus, a global function (and therefore a model) is not
required, and great flexibility can be gained. Here, we fit
Lowess functions to data that assume two values (binary
data): class 0 or class 1.

Coalescent simulations and SNP summary statistics

Assume a sample of k individuals from a present-day popula-
tion (t = 0). Given the trajectory of the Lji allele, we imple-
ment coalescent simulations from t = 0 to the most recent
common ancestor (MRCA) of the neutral genomic region
around the locus Li. The backward-in-time simulations are
based on the structured coalescent model (Kaplan et al.
1989; Wakeley 2008; Teshima and Innan 2009; Ewing and
Hermisson 2010). The population is subdivided into two ge-
netic backgrounds: one class of lineages is linked to the L1i
allele and the other is linked to the L2i . Given the trajectory of
the L1i and L2i allele, the genealogical history of linked neutral
regions is considered separately for the two classes; recombi-
nation allows lineages to move between the two classes (as
migration allows lineages to move in a structured popula-
tion). We assume that the genealogies of the genomic region
around the locus Li are affected only by the locus Li and not
by the remaining loci. This simplification makes the backward
simulations tractable and allowed us to use available simula-
tion software (e.g., Teshima and Innan 2009; Ewing and
Hermisson 2010). However, as is mentioned in the following
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sections, this is appropriate only when selection is relatively
weak and the loci are weakly linked.

Four statistics of coalescent trees have been used. First, h
(the height of the coalescent tree) measures the scaled time
from the present to the MRCA of the sample; second, l is the
total length of the coalescent; third, two quantities, bL and
bN measure the balance of the coalescent when the root is
placed at the node of the MRCA. bL is based on the length of
the subtrees on either side of the MRCA, whereas bN uses
the number of nodes (Equation 3):

bL ¼ 4
lLlR
l2

; bN ¼ 4
nLnR
n2

: (3)

lL and lR denote the total length of the left and right subtree
of the MRCA, respectively. nL and nR are the numbers of
nodes on the left and on the right side of the MRCA, re-
spectively, and n is the total number of nodes (excluding the
root), i.e., n = 2k22, where k is the sample size. bL and bN
assume values in (0, 1]; when they equal 1 the coalescent
trees are perfectly balanced (lL ¼ lR ¼ l=2 and similarly for
the number of nodes), whereas smaller values denote some
degree of imbalance. The summaries of the genealogies are
related to the perturbations of the coalescent due to the
action of selection. It is well known that in the neighborhood
of a beneficial mutation directional selection reduces the
height and the length of the coalescent and increases its
imbalance (Li 2011). Several neutrality tests (e.g., Fay and
Wu 2000) are based on this perturbation of coalescent trees
around the beneficial mutation.

Furthermore, we used SNP summary statistics to describe
the polymorphism patterns in a present-day sample, as we
move along the sequence alignment away from the L1 locus.
We measure the number of polymorphic sites and Tajima’s
(1989) D, which summarizes the site frequency spectrum.
These summary statistics facilitate the comparison between
polymorphism patterns that are created by the multilocus
model and the one-locus selective sweep. Similarly to the
summaries of the genealogies, they can describe perturba-
tions of the polymorphism patterns that are created by the
action of recent selection. It is well known that the level of
polymorphism and the number of haplotypes are reduced
around the target of selection, the site frequency spectrum is
shifted toward low- and high-frequency derived variants,
which cause negative values of Tajima’s D, and the linkage
disequilibrium increases on each side of the beneficial
mutation (Kim and Stephan 2002; Kim and Nielsen 2004;
Stephan et al. 2006).

Results

Trajectories of the L11 allele at the focal locus L1

Two-locus two-allele model with symmetric fitness
function: The first goal of this analysis is to illustrate the ef-
fect of the parameters of Willensdorfer and Bürger’s (2003)
model on the fixation of the focal L11 allele. Second, we

introduce random genetic drift by simulating the evolution
of a randomly mating population with effective population
size N = 10,000. Then, we relax the assumption of the
symmetric fitness matrix and analyze a more general fitness
scheme.

Deterministic model:For the deterministic two-locus two-
allele model with symmetric fitness matrix, we numerically
solve the system of recursions described in Equation 1 and
record the frequency of the L11 allele for 10,000 generations.
The fitness matrix is symmetric with respect to the double
heterozygous genotype (Table S1). Recombination fractions
between loci, initial allelic frequencies, v2, z11, and z12 are
drawn from uniform distributions whose boundaries are de-
fined in Table 1. The initial frequencies for the gametes Li1L

j
2,

i, j = 1, 2, are given as the product p0ðLi1Þp0ðLj2Þ, and there-
fore the initial value of D is 0.

Fixation of the allele is possible and this fixation may
occur fast. These trajectories are similar to the trajectories
obtained from the classical selective sweep theory. There is,
however, a subset of trajectories that remain polymorphic
for the focal locus. Furthermore, there is a class of traject-
ories that shows nonmonotonic behavior. The frequency
initially increases and then may decrease to some equilib-
rium value.

To construct a trajectory we draw uniformly a value from
the six-dimensional space described in Table 1. Since we draw
random values for the parameters from the six-dimensional
space, trajectories may become extinct, reach a polymorphic
equilibrium point, or fix, depending on the parameter values.
After 10,000 generations we record the final frequency of the
trajectory. The proportion of parameter values that lead to
a polymorphic equilibrium with frequency in the intervals
(0, 0.5) and (0.5, 1) are 0.113 and 0.029, respectively. Sim-
ilarly, the proportion of equilibrium points 0, 0.5, and 1 are
0.401, 0.415, and 0.041, respectively. Thus, the vast majority
of trajectories lead to extinction or the polymorphic equilib-
rium value 0.5. Although it is not clear whether the frequen-
cies reached after 10,000 generations represent equilibrium
values, the fact that .40% of the trajectories remain poly-
morphic at frequency 0.5 is not surprising since the double
heterozygote genotype is optimal for the symmetric fitness
model. Thus, for the given parameter values the majority of
trajectories either approach 0 or remain polymorphic at fre-
quency 0.5 (Figure S1A).

Table 1 The parameter values that were used for the simulations
of the two-locus two-allele model

Parameter Value min. Value max.

r 0 0.5
p0ðL11Þ 0 0.2
p0ðL12Þ 0 1
v2 1 10
z11 22 2
z12 22 2

r, recombination fraction; p0ðL11Þ, initial frequency of the allele L11; p0ðL12Þ, initial
frequency of the allele L12; v

2, strength of selection; z11 , contribution of L11; and
z12 , contribution of L12.
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To identify the factors that determine the fixation of the
L11 allele, we compare different sets of trajectories pairwise.
For example, comparison of the trajectories that reach fixa-
tion with the trajectories that remain at frequency 0.5 gives
insight into the parameter values that affect these two sets.
Thus, in the next sections the following two comparisons are
made: (i) fixed trajectories (fixation class) vs. trajectories
that stay at equilibrium frequency 0.5 (polymorphic class),
and (ii) fixed trajectories vs. trajectories where the allele L11
gets lost (extinction class). Throughout the text the fixation
class is defined as the set of trajectories whose equilibrium
frequency is in the range (0.999, 1] and the extinction class
as the set of trajectories whose equilibrium frequency is in
the range [0, 0.001). To simplify the analysis we use the set
of trajectories whose equilibrium frequency is in the range
(0.499, 0.501) to define the polymorphic class, unless men-
tioned differently.

Willensdorfer and Bürger (2003) proved that two condi-
tions are required for the fixation or extinction of L11:
r$ 12a1a2exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln a1ln a2

p
and g1 # 2g2 (a1;a2;g1;g2 are

defined in Methods). These two conditions are derived from
the stability analysis of Equation 1 at the monomorphic
equilibria. An equivalent way to write the first condition is
r$ 12expð2ðg12g2Þ2=v2Þ. When the effects of the alleles
at the two loci are similar, then 12expð2ðg12g2Þ2=v2Þ �
ðg12g2Þ2=v2, and the first relation holds for all but very
small recombination fractions. The first condition is satisfied
when selection on the double homozygotes L11L

2
2=L

1
1L

2
2 and

L21L
1
2=L

2
1L

1
2 (their phenotypic values are 2g1 þ g2 and

g12g2;, respectively) is weak relative to recombination. An
equivalent interpretation is that the first condition is satis-
fied when the squared difference of their effects (normalized
by the selection intensity v2) is small relative to recombina-
tion. The second condition depends only on the phenotypes
and is equivalent to 2g1 þ g2 $2g2 or g12g2 #g2, which
means that the distance of the double homozygotes
L11L

2
2=L

1
1L

2
2 and L21L

1
2=L

2
1L

1
2 from the optimum is smaller than

the distance of the single homozygotes L11L
1
2=L

2
1L

1
2 and

L11L
2
2=L

2
1L

2
2. Comparison of parameter values that result in

fixation of the L11 allele with the parameter values that result

in a polymorphic equilibrium for the L11 allele shows
that the parameters c1 ¼ r21þ a1a2exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln a1ln a2

p
and

c2 ¼ 2g22g1 can separate the trajectories that fix from
those that stay polymorphic. In case both c1 and c2 are
positive (as required for the stability of the monomorphic
equilibrium), 98.4% of the trajectories reach fixation (for
our set of parameter values).

In addition to c1 and c2, there are other parameters that
provide information about the equilibrium state of the tra-
jectory, such as initial frequencies (Figure 1, A and B). An
initial frequency of the L12 allele close to the boundaries 0 or
1 yields fixation of the trajectory for the majority of the
simulations, whereas intermediate initial frequencies lead
to polymorphic equilibrium states (Figure 1B).

This finding may be explained as follows. Let the initial
frequency of the L12 allele be close to 0 for the trajectories
that result in fixation of allele L11 (i.e., black points in Figure
1). Then, as illustrated in Figure 1C, these points are located
in the proximity of the line x = y; i.e., the contributions of
the L11 and L12 alleles to the phenotype are approximately
equal. Equivalently, the proportion of fixed trajectories is
high when z11 � z12, given that the initial frequency of L12 is
low. Assuming that the initial frequency of L12 is low, then the
majority of the genotypes for the L2 locus will be L22=L

2
2, and

a smaller proportion will be L12=L
2
2. If the contribution of

the L12 allele is z12, then the contribution of the L22 allele
is z22 ¼ 2z12, due to model assumptions. Thus, initially the
L2 locus brings an individual 2z12 units away from the opti-
mum. Furthermore, since the initial frequency of the L11 al-
lele is small, the majority of the genotypes at the L1 locus
will be L21=L

2
1, and a smaller proportion will be L11=L

2
1. Thus,

the majority of individuals have initially the L21L
2
2=L

2
1L

2
2

genotype.
From this initial state, which is suboptimal, the popula-

tion will move toward the optimal genotypes. Given that
allele L11 will not disappear and z11 � z12, then the optimal
genotypes are the double heterozygote L11L

1
2=L

2
1L

2
2 and the

double homozygote for opposing alleles L11L
2
2=L

1
1L

2
2.

Thus in this case there is a competition between alleles
similar to the situation in other sweep models with multiple

Figure 1 The impact of initial
frequencies and allelic effects on
determining the class of the tra-
jectory for the comparison of the
fixation class vs. the polymorphic
class. Dark gray and black points
depict trajectories that reach fix-
ation, whereas light-colored points
show trajectories that stay polymor-
phic. In dark gray p0ðL12Þ,0:5,
whereas in black p0ðL12Þ.0:5. In
A and B, light-colored points are
on the line y = 0, while dark gray

and black points are on the line y = 1. In C, light gray points are represented as pluses (+). The focal allele is L11. The curves in A and B represent the
Lowess smoothing function for the data. There are two classes of trajectories: class 0 that denotes polymorphic equilibria and class 1 that represents
fixation. As shown in A, for very small values of p0ðL11Þthe probability of a trajectory from the fixation class is small. In B, the initial frequency of L12,
p0ðL12Þ, shows nonmonotonic behavior: small and large values of p0ðL12Þ make the fixation of L11 possible. In C we can see how the contributions of the
alleles interact. When z11 � z12 or z11 � 2z12, then it is possible to obtain trajectories that reach fixation.
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loci (e.g., Kirby and Stephan 1996). Given that the initial
frequency of the L11 allele is small, then fixation of the L11
allele occurs when the frequency of the L12 is also very small;
otherwise the L12 allele outcompetes the L11 allele and the
final state is a polymorphic equilibrium. When the initial
frequency of L11 is very small (as it is required for a classical
selective sweep), then the percentage of trajectories that
result in fixation of L11 is reduced.

Furthermore, comparing the lowest frequencies for the L11
allele in class 0 and class 1, we observe that the lowest initial
frequency of L11 in class 1 is at least one order of magnitude
greater than in class 0 (6.1 · 1023 vs. 1.1 · 1025). This means
that classical selective sweeps (as described by Maynard
Smith and Haigh 1974) may be rare under the symmetric
fitness model (where z11 ¼ 2z21 and z12 ¼ 2z22) compared to
sweeps from standing genetic variation and possible only if
the effects of the alleles at different loci are similar in abso-
lute value (Figure 1). If the difference between the absolute
values of z11 and z12 is large, then the only optimum genotype
is the double heterozygote.

The parameters zji and p0ðLjiÞ determine the initial dis-
tance of the population from the optimum and the variance
of the genetic background. Previous studies (Lande 1983;
Chevin and Hospital 2008) analyzed the initial distance
from the optimum and the variance of the genetic back-
ground and emphasized their impact on the trajectory (Chevin
and Hospital 2008, Equation 26b). We study the effects of
the population’s initial distance from the optimum and ini-
tial genetic background variance as well. Large initial dis-
tance from the optimum favors the fixation of the L11 allele,
whereas fixation is very rare for small initial distances from
the optimum (Figure 2A). This is expected because L11 is
rarely advantageous when the population is already close
to the optimum (it becomes advantageous only when its
effect on the phenotype is very small).

Background genetic variance at time t ¼ 0 has the effect
opposite of that of the initial distance from the optimum
(Figure 2B): larger values of background genetic variance
disfavor the fixation of the L11 allele. This can be explained
because large values of background genetic variance imply
intermediate frequencies for the alleles of the second locus,
and consequently (see also Figure 1B) the vast majority of
trajectories do not reach fixation. Since background genetic
variance does not remain constant in the simulations, we
assessed the effect of average background genetic variance
(averaged over generations). It is similar to the initial back-
ground genetic variance (results not shown).

Stochastic model: Next we study the behavior of the
stochastic model when the fitness matrix is symmetric.
The population size N = 10,000. The simulation parameters
are similar to the deterministic two-locus two-allele model
with symmetric fitness matrix. We use the average fre-
quency of the last 500 generations, f̂ 500, to define the equi-
librium frequency. This is because the frequency of the L11
allele does not remain constant but fluctuates due to ran-
dom genetic drift. In Figure S1B, we plot the empirical cu-

mulative distribution of f̂ 500. The proportion of trajectories
with the equilibrium frequency 0.5 is largely reduced in the
stochastic model. This is expected as a consequence of ran-
dom genetic drift, which drives the frequency of the trajec-
tory toward its absorbing states (compare Figure S1A with
Figure S1B). To determine the importance of various param-
eters we plot them against the class of the trajectory. As
above, for the case of deterministic trajectories three classes
of trajectories are used in two comparison sets: (i) trajecto-
ries that result in fixation vs. trajectories that stay in a poly-
morphic equilibrium, and (ii) trajectories that result in
fixation vs. trajectories that result in extinction. The defini-
tions of the three trajectory classes (fixed, polymorphic, ex-
tinct) are given above. For the first comparison, the relation
of six parameters with the class of the trajectory is depicted
in Figure 3. We observe that the initial frequency p0ðL11Þ, the
strength of selection v2, and the c1 parameter show a mono-
tonic relationship with the probability of obtaining a trajec-
tory of class 1. On the other hand, the initial frequency
p0ðL12Þ and the contribution of the alleles L11 and L12 are non-
monotonic. In particular we observe that large absolute val-
ues for the contribution of L12 and small absolute values for
the contribution of L11 favor the fixation of the allele against
a polymorphic equilibrium state (Figure 3).

The role of v2 is crucial for the fixation of L11 for the
stochastic simulations. Large values of v2 (weak selection)
result in a higher frequency of fixed trajectories. For small
values of v2 ð1,v2 , 2Þ (one v2 unit represents a squared
phenotypic unit), the frequency of polymorphic trajectories is
about 88% in the stochastic set and about 66% in the de-
terministic set. For large values of v2 ð9,v2 , 10Þ the fre-
quencies are 4.6 and 38%, respectively. Thus, when selection
is not strong enough, stochastic trajectories are governed
mostly by recombination and genetic drift and move to-
ward the absorbing states. In the absence of mutations,
these absorbing states correspond to the fixation or loss
of the allele (Kimura 1983). Regarding the contributions
of each locus to the genotypic value, the results are similar

Figure 2 Initial mean distance from the optimum and background ge-
netic variance affect the probability of fixation for the L11 allele. Class
0 represents extinction of L11 and class 1 represents fixation of L11. Results
are similar when class 0 represents the polymorphic equilibrium at fre-
quency 0.5. (A) Small values of initial mean distance from the optimum
disfavor fixation of theL11 allele because L11 is rarely beneficial. (B) Large
values of initial background genetic variance disfavor fixation of L11 be-
cause it implies intermediate frequencies of L12 (and L22), which has been
shown (Figure 1B) to reduce the probability of fixation for L11.

230 P. Pavlidis, D. Metzler, and W. Stephan

http://www.genetics.org/cgi/data/genetics.112.142547/DC1/2
http://www.genetics.org/cgi/data/genetics.112.142547/DC1/2
http://www.genetics.org/cgi/data/genetics.112.142547/DC1/2


to the deterministic model; i.e., the parameter values for the
trajectories that fix are located in the proximity of the two
diagonals.

Comparing the fixation class with the extinction class the
following results have been obtained under the stochastic
model. The roles of v2 and c1 are not critical (results not
shown). This means that small and large values of v2 have
similar effects on the class of the trajectory. In this compar-
ison both sets are associated with monomorphic (absorbing)
states of the alleles. The strength of selection (at least for the
values tested here) is not crucial, because maintaining either
of the classes does not require strong selection (since both of
the classes are absorbing states). The importance of c1 has
been explained above. In brief, c1 is not informative for dis-
entangling the monomorphic equilibria.

Finally, it should be mentioned that symmetry itself is
not solely responsible for the frequency of the trajectory
classes we observed in our simulations. Obviously, if the
model is symmetric but the fitness of the heterozygote is
sub-optimal (this may occur when the genotypic values are
d2g, d, dþ g, with dand g. 0, and d is the distance of the
heterozygote from the optimum), this model would still be
symmetric but the fitness of the heterozygote would be less
than the fitness of one homozygote. On the other hand, if
we relax the symmetry assumption but require fitness ad-
vantage of the double heterozygote (the effects of the
alleles are drawn uniformly as in previous simulations,
but we require that the phenotypic value of the double
heterozygote is the closest to the optimum), we do not
observe the same patterns as in the symmetric model. In
the symmetric model �40% of the trajectories reach their
equilibrium at frequency 0.5. For the nonsymmetric model,
but with heterozygote advantage, the respective proportion
of trajectories is �10%. For the general model (see below),
the respective proportion is �0.02 (Figure S2). Thus, our

simulations indicate that both symmetry and heterozygote
advantage are responsible for the observed final frequen-
cies of trajectories.

Two-locus two-allele model with general fitness function:
We relax the assumption of symmetry of the fitness matrix in
the deterministic two-locus two-allele model using a general
fitness scheme. The parameter space is given in Table 1.
Essentially, the difference between this model and the sym-
metric fitness model is that there is no restriction on the
relations between the contributions of the alleles. Thus,
the effects z11, z21, z12, and z22 are drawn uniformly from
[22, 2]. The optimum phenotypic value is again 0.

The shape of the trajectories in this model is similar to the
symmetric fitness matrix model. The number of trajectories
where the L11 allele declines is similar for both models. How-
ever, in the case of the general fitness matrix model, the
trajectories that result in the fixation of the L11 allele occur
more often than in the symmetric fitness model. This is
shown by the comparison of the frequency distribution of
the simulated trajectories after 10,000 generations (com-
pare Figure S1A with Figure S1C). On the other hand, fewer
trajectories stay at equilibrium frequency 0.5 (Figure S1C).
This is expected because in the general fitness model the
double heterozygous genotype is not necessarily associated
with the highest fitness. In summary, the results indicate
that in the general fitness model classical selective sweeps
from rare variants may occur more often than in the sym-
metric fitness model.

An informative quantity for disentangling trajectories in
which L11 is getting fixed from those in which it stays poly-
morphic or disappears is the mean trait value at the begin-
ning of the evolutionary trajectory. For mean initial trait
values close to the optimum value 0, trajectories result in
either extinction or polymorphic equilibrium for the L11 allele

Figure 3 The relation of six
parameters to the class of the
trajectory (fixed vs. polymorphic).
The curve in each subfigure rep-
resents the Lowess smoothing
function of the data. (A) The ini-
tial frequency of the L11 allele. (B)
The initial frequency of the L12 al-
lele. (C) The parameter v2, which
defines the strength of selection.
(D) The contribution of the allele
L11 to the genotypic value. (E) The
contribution of L12 to the geno-
typic value. (F) The parameter
c1. Black points represent class
1 (trajectories that result in the
fixation of L11), whereas gray
points represent class 0 (trajecto-
ries that result in a polymorphic
state for L11).
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(results not shown). On the other hand, when the initial
mean trait is far from the optimum, then fixing the L11 allele
becomes more probable. When the mean value for the trait
under selection is far from the optimum, then the allele can
be beneficial. On the other hand, when the population is
already at the optimum or close to it, then the L11 allele will
not be favored in general.

Initial background genetic variance does not appear to
have the same effect as in the symmetric model. In the
symmetric model, we observed that the proportion of tra-
jectories that reach fixation decreases as the initial genetic
variance increases and that for large values of initial
background genetic variance the proportion of trajectories
that reach fixation diminishes (Figure 2B). In the general
model, we observe only a slight decrease of the proportion
of fixed trajectories as the initial background genetic vari-
ance increases.

The comparison between the symmetric and the general
fitness model may be open to discussion because of the
different sampling spaces for the allelic effects. In particular,
for the two-locus two-allele model, we uniformly sample
random values from ½22; 2�2 in the symmetric model, whereas
we sample from ½22; 2�4 for the general model. Thus, initial
conditions are not comparable. We used here the symmetric
model to create results comparable to the Willensdorfer and
Bürger (2003) model for which analytical results are available.
However, the general model is a reasonable extension of the
symmetric model with less restrictive assumptions, and thus we
present in the next section results about the proportion of fixed
trajectories for the general model only (avoiding comparisons
with the symmetric fitness scheme).

Biallelic models of up to eight loci with general fitness
function: We study the effect of the number of loci on the
trajectory of a focal mutation at locus L1. Both deterministic
and stochastic trajectories have been implemented either by
using Equation 2 to describe the evolution of more than two
loci (deterministic trajectories) or with stochastic simula-
tions. Assuming that l loci are present, we study the general
model where the effects of loci are sampled in ½22; 2�2l. We
could not extend our simulations beyond the eight-locus
model due to computational resource limitations.

We first analyzed the effect of the number of loci on the
percentage of fixed trajectories in the deterministic model.
For nonsymmetric fitness matrices, the maximum number of
fixed trajectories occurs for two loci and then decreases as
the number of loci increases (Figure 4). When the initial
frequency of the L11 allele is up to 0.2, the percentage of
trajectories that reach fixation tends to reflect sweeps from
standing variation. We also decreased the initial frequency
of the L11 allele to 1 · 1023, 1 · 1024, and 1 · 1025 to
approximate sweeps from new mutations more precisely.
Under the general fitness model the effect of the initial fre-
quency of the L11 allele is negligible for the two-locus model:
about one-third of trajectories reach fixation for either initial
frequency for the two-locus two-allele model (Figure 4),

slighly less than the percentage of trajectories that reach
fixation when the initial frequency of L11 is up to 0.2. For
more than two loci the effect of the initial frequency of L11 is
weak but not negligible.

The effect of the number of loci on the percentage of
fixed trajectories in the stochastic model is as follows. Due to
drift the probability of a polymorphic equilibrium is reduced,
and the population evolves mostly toward the absorbing
states. For small initial frequencies of the L11 allele (,0.001)
the highest frequency of fixed trajectories occurs for the two-
locus two-allele model (�15.4%) and for large initial fre-
quencies (,0.2) the highest proportion of fixed trajectories
is 21%. The proportion of trajectories that reach fixation is
lower in the stochastic model than the deterministic model.
Since the initial frequency of L11 is relatively low, the de-
crease of the proportion of trajectories that reach fixation
should be attributed to random genetic drift (compare Fig-
ures 4 and 5). The frequency of fixed trajectories drops
approximately linearly as the number of loci increases (Fig-
ure 5).

To examine how much the frequency of fixed trajectories
is reduced by the presence of other loci under selection
(beyond the effect of drift), we compare the proportion of
fixed trajectories in multilocus models to a single-locus model
with genotypes AA, Aa, aa, and constant selection coefficient
s0, similar to that found initially in the multilocus model.
Thus, relative fitnesses are 1þ s0, 1þ 0:5s0, and 1 for the
three genotypes, respectively. Under the multilocus model,
we estimated the selection coefficient s0 of L11 at time t ¼ 0,
using Equation A4 of Chevin and Hospital (2008). This
assumes that selection is relatively weak. Thus, we simulated
additional data sets for which selection is relatively weak
(v2 ¼ 100). The initial frequency p0ðL11Þ of the L11 allele is

Figure 4 Effect of the number of loci on the proportion of trajectories
that reach fixation for the deterministic model. The general fitness model
has been studied. Parameter values used in the simulations are given in
Table 1. In the legend box the number denotes the initial frequency of L11.
For example, 0.001 illustrates the proportion of fixed trajectories for the
general fitness matrix when the initial frequency is less than 0.001.
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0.0001. Even though p0ðL11Þ could take any value in (0, 1),
we chose p0ðL11Þ ¼ 0:0001 to study the fixation probability of
a new mutation appearing in a single copy. Then we calcu-
lated the fixation probability for the one-locus model using
the equation (Kimura 1962)

P
�
p; s0;N

� ¼ 12 e22Ns0p

12 e22Ns0
; (4)

where N= 10,000 is the effective population size, and p is
the initial frequency of the A allele. The probability of fixa-
tion is calculated by averaging Pðp; s0;NÞ over all estimated
s0values. Figure 6 shows the proportion of fixed trajectories/
�Pðp; s0;NÞ, where �Pðp; s0;NÞ is the average Pðp; s0;NÞ over all
estimated s0, for the general fitness matrix for two- to eight-
locus models.

Under the general model, for more than two loci the
effect of the initial background genetic variance (t ¼ 0) and
average background genetic variance (averaged over gener-
ations) is similar to the two-locus model: there is a slight
decrease in the proportion of trajectories that reach fixation
as the initial genetic variance increases. Very small initial
background genetic variance favors the fixation of L11. A
plausible explanation might be that when initial background
genetic variance is very small then heterozygosity of the
background loci is small, and thus the system behaves as
possessing fewer loci. In the general fitness model, the pro-
portion of fixed trajectories increases as the number of loci
decreases (Figure 4).

The ratio of the effect of the focal allele on the phenotype
to the mean initial trait value: Another quantity of interest
for multilocus models is the ratio of the effect of the focal
allele to the mean initial trait value (henceforth denoted as
u). The results shown here refer to the deterministic model.

u is interesting because the mean initial phenotypic value
may increase with the number of loci (results not shown).
For the symmetric fitness model we observe the following
patterns for u: for the two-locus two-allele model the vari-
ance of u is smaller for trajectories that reach fixation than
trajectories that reach an equilibrium at frequency 0.5 or
vanish (Figure S3A). The variance of u is smaller for trajec-
tories that reach equilibrium at a frequency in (0.5, 1) than
trajectories that reach equilibrium at a frequency in (0, 0.5).
Furthermore, u is strictly negative for trajectories that fix
and takes small absolute values. Negative u implies that
the signs of the initial mean trait value and the effect of L11
are opposite. Therefore, L11 is beneficial initially. Small abso-
lute values indicate that z11 is small relative to the mean
phenotypic value. This is because fixing alleles of large ef-
fect, even if they are beneficial initially, will result in over-
shooting the phenotypic optimum; thus they will become
deleterious during the course of evolution. This is the case
especially for low initial frequencies of L11, since alleles at
other loci that start in higher frequencies will be more likely
to fix first, thus reducing the distance to the phenotypic
optimum (Chevin and Hospital 2008). For symmetric mod-
els with more than two loci, the pattern is different than for
the two-locus two-allele case: trajectories that reach fixation
may also have positive u; that is, initially deleterious alleles
may later become beneficial and eventually fix. This may
occur if fixation of alleles from the genetic background will
result in overshooting the phenotypic optimum during the
course of evolution. Furthermore, the variance of u appears
more uniform for various final frequencies (Figure S3B).

For the general fitness model, under the two-locus two-
allele case the variance of u is greater than for the symmet-
ric two-locus two-allele model, and u may be either positive
or negative (Figure S4A). Thus, even if the effect of the focal
locus on the phenotype is large compared to the initial mean
phenotypic value, fixation of the focal allele might still occur.
Furthermore, fixation of the focal allele is possible even

Figure 5 Effect of the number of loci on the frequency of trajectories that
reach fixation for the stochastic model. Fixation is possible even for small
initial frequencies of L11 and the proportion of fixed trajectories decreases
as the number of loci increases.

Figure 6 The ratio of the proportion of fixed trajectories/�Pðp; s0;NÞvs. the
number of loci for the general model. The probability P

�

ðp; s0;NÞ is calcu-
lated as described in the main text. The initial frequency of L11 is 0.0001,
and the v2 value is 100.
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when its effect is initially deleterious (i.e., u is positive).
Finally, trajectories that go to fixation or extinction have
greater variance of u than trajectories that stay polymorphic.
For models with more than two loci, results are similar to the
two-locus two-allele model (Figure S4B).

Coalescent simulations conditioning on the trajectory
of the L11 allele

In this section we describe our coalescent simulations that
were performed to obtain (i) the genealogies and (ii) the
neutral polymorphism patterns in the neighborhood of the
focal locus. The results are approximate because of two
reasons. First, conditioning on the frequency of one allele
implies that the coalescent rates of all genotypes that carry
this allele are equal. However, in the case of multilocus
models this is not true. For example, the coalescent rate of
the L11 allele depends on whether it is located on gamete
L11L

1
2 or L11L

2
2 since the dynamics of these two gametes are

different (see Equation 2). This is also shown in Figure S5,
where a random pair of trajectories for the L11L

1
2 and L11L

2
2

gametes is drawn for the deterministic two-allele two-locus
model with symmetric fitness matrix. The growth rates of
these trajectories and their equilibrium frequencies are dif-
ferent. Therefore, the coalescent rate of the L11 allele
depends on the gamete that carries it. Note that the reason
mentioned above is not equivalent to multiple selective
sweeps where the trajectory at one locus is affected by the
other loci because here we calculate the trajectory of the
focal allele by summing up the frequencies of all gametes
that carry the focal allele. The second reason is that all in-
volved loci affect the dynamics of a neutral locus, when the
recombination fraction is,0.5. In other words, a neutral allele
may be under the hitchhiking effects of two (or more) selected
loci. Thus, simulating the genealogy of a neutral site would
require tracking the frequencies of all gametes backward in
time instead of tracking the frequency of a single allele. Such
an analysis is beyond the goals of this article. Combining the
two previous arguments indicates that this approach yields
reliable results in a close neighborhood of the sweep for cases
of relatively weak selection and weakly linked loci.

Given a trajectory, coalescent simulations require spec-
ifying the time point from which the backward process is
considered. That means, the genealogies will be strikingly
different if the backward process initiates 100 or 5000
generations after the onset of the L11 allele. Thus, an arbi-
trary time point is required, which represents the begin-
ning of the backward simulation process. Here, we have
used 100 generations after the trajectory has reached its
equilibrium frequency. This time point is temporally close
to the onset of the L11allele. Therefore, the signature of the
trajectory on the neutral polymorphisms is still present in
the data.

Backward simulations have been performed using either
a modified version of the software mbs (Teshima and Innan
2009) or the msms software (Ewing and Hermisson 2010).
Our mbs algorithm implements the infinite site model, in

contrast to the original software, and it calculates and out-
puts statistics related to the coalescent trees, such as the
height, the total length, and the balance of the coalescent.
msms is more efficient. Both algorithms produce equivalent
results. For the coalescent simulations we have used param-
eters related to human data. Assuming that the mutation
rate m ¼ 1029/bp/year (e.g., Zhao et al. 2006), then
u ¼ 4Nm ¼ 0:001/bp/generation. The ratio r=u ¼ 1. The ef-
fective population size N = 10,000 and remains constant.
Simulations are performed for a 0.5-Mb genomic segment.
The locus is located in the middle of the simulated segment.
The sample size is 50. For a given equilibrium frequency bin
(see below), we have chosen randomly one trajectory whose
initial frequency is ,0.001. This is done to resemble closely
a selective event of a new variant. For a given trajectory,
1000 coalescent simulations are performed. Finally, the
summary statistics for the coalescent trees are computed
at the recombination breakpoints for each simulation, and
the results are binned. The following example demonstrates
the binning process: if the (arbitrary) positions (in base
pairs) u1 ¼ 103989; u2 ¼ 103995; u3 ¼ 105000 are break-
points (i.e., the genealogy may change), and the bin size is
set to 100, then u1 and u2 will be in the same bin (1039),
whereas u3 will be in a different bin (1050). The results
from the same bin are averaged over the whole set of sim-
ulations. We repeat this process for four sets of trajectories
in which the equilibrium frequency is (i) 1 (fixation), (ii) 0.9
to 1, (iii) 0.3 to 0.4, and (iv) trajectories that show a non-
monotonic behavior. Trajectories in [0.9, 1] represent tra-
jectories near fixation and trajectories in [0.3, 0.4] represent
trajectories that stay in low frequency. Results for trajecto-
ries that eventually stay at a polymorphic equilibrium at low
frequency are largely similar to results for the trajectories in
[0.3, 0.4]. The results presented here are obtained from the
analysis of the two-locus two-allele stochastic model with
symmetric fitness matrix. The results for the remaining mod-
els are similar because the shape of the trajectories is similar
for the various equilibrium frequencies, and we condition
only on the trajectory of the focal allele (Figure 7). For
trajectories that result in fixation (solid black line in Figure
7), the signatures of selective sweeps emerge in the proxim-
ity of the locus under selection: coalescent trees are shorter
in length and height, and they are imbalanced in the prox-
imity of the L1 locus. For trajectories that result in a poly-
morphic equilibrium the signatures are weaker. For example,
when the equilibrium frequency is between 0.9 and 1, the
total length of the coalescent is smaller, and the tree imbal-
ance is larger. However, the height of the coalescent tree is
similar to the neutral expectation (thick gray solid line in
Figure 7). Interestingly, the imbalance of the coalescent is
higher for trajectories in the bin [0.9, 1) than the trajectories
that result in fixation of the allele in the proximity of the
L1 locus. The explanation is as follows. When fixation of
the L11 allele has occurred, all genealogical lines coalesce
in the recent past in the proximity of the locus L1. Thus
a short tree that is not imbalanced is generated because no
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genealogical line has escaped the coalescence. Imbalance
is generated further from the locus L1, because recombi-
nation breaks the linkage between a neutral site and L1
(Fay and Wu 2000; Kim and Stephan 2002). On the other
hand, trajectories in the bin [0.9, 1) generate imbalanced
genealogies very close to the locus because a large fraction
of the present-day lines carry the allele L11 (and coalesce in
the recent past), whereas a small fraction of the present-
day lines carry the allele L21 and coalesce further in the
past.

Furthermore, we have used molecular population genet-
ics summary statistics to describe the properties of the
polymorphisms in the proximity of the L11 allele. A sliding-
window approach with window size 5 kb and offset 1 kb has
been implemented. The length of the genomic fragment and
the position of the L1 locus are provided in the previous
section. The summary statistics are described in Methods.
For each window the mean value of each summary statistic
is calculated over the simulated data sets.

Tajima’s D (Tajima 1989) is negative over the whole
region for frequencies .0.9. For fixed trajectories, Tajima’s
D becomes less negative closely to the L1. For trajectories
close to fixation, Tajima’s D obtains its most negative value
exactly at the location of the locus L1. We can associate
Tajima’s D with the bN statistic. The number of polymor-
phic sites follows, as expected, the total length of the co-
alescent. For trajectories that result in L11 frequencies .0.9,
the expected number of polymorphic sites is minimum at
the proximity of the beneficial mutation and increases
gradually as we move away from it, similarly to the classi-
cal results for the one-locus model (e.g., Kim and Stephan
2002).

Discussion

Overview

In this study, we explore selective sweeps in multilocus two-
allele models of a quantitative trait. Selection works on the
phenotype based on a Gaussian fitness function. The Gaussian
function seems an appropriate choice for many quantitative
traits (Endler 1986; Willensdorfer and Bürger 2003), be-
cause it naturally formalizes the concept of the evolution
toward an optimum value. Furthermore, it is sufficiently
flexible to allow for modeling both stabilizing and direc-
tional selection. Stabilizing selection is modeled by assum-
ing that the optimal genotypic value is located between the
extreme genotypic values that an individual may obtain. Di-
rectional selection can be modeled by assuming that the
optimum is more extreme than the genotypic values that
the individual may have. Therefore, the allele frequencies
shift toward the direction of fixation of the most extreme
genotype favored by selection.

Previous studies (Bodmer and Felsenstein 1967; Karlin
and Feldman 1970) suggest that multiple equilibrium points
exist in two-locus two-allele models with a Gaussian fitness
function. Furthermore, conditions are provided for their ex-
istence and stability. However, the trajectories of the alleles
toward the equilibrium points have not been explored. This
study focuses on the trajectory of an allele, which initially is
in low frequency and moves toward its equilibrium points.

An important result of our analysis shows that selective
sweeps that initiate from a very low frequency of the L11
allele (i.e., the beneficial allele at the focal locus) are very
rare in the two-locus two-allele model with symmetric fit-
ness matrix. Multiple conditions need to be satisfied to

Figure 7 Summary statistics for the coalescent trees as
a function of the distance from the locus. The solid line
refers to the equilibrium frequency 1 (fixation), the dashed
line refers to the equilibrium frequency in [0.9, 1), the
dotted line refers to the frequency in [0.3, 0.4), and the
thick gray solid line to neutral simulations with the same
parameter values. The dash-dotted line presents the
results for the nonmonotonic trajectories. Note that the
results for the nonmonotonic trajectories overlap com-
pletely with the neutral curves. Each point is based on
2500 simulated trajectories. A coalescent tree was gener-
ated by conditioning on each trajectory. Trajectories are
generated from the two-locus two-allele stochastic model
assuming the multidimensional parameter space in Table
S1. (A) The height of the tree is shown. (B) The total length
of the coalescent. (C and D) The statistics bL and bN,
respectively.
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achieve fixation. First, the contribution of one of the alleles
at the second locus (e.g., L12) should be approximately equal
to the contribution of the L11 allele. Second, the initial fre-
quency of the L12 allele needs to be very low. Under this
regime the population is initially dominated by the L21 and
L22 alleles, and thus the population is initially far away from
its optimum value (since they have similar contributions as
well). Thus, the L11 competes with the L12 allele; since their
contribution is similar their initial frequencies may deter-
mine the fate of the trajectory of the allele. In fact this result
suggests that in the two-allele two-locus model a selective
sweep becomes possible when the second locus is nearly
monomorphic, i.e., when the model resembles the one-locus
two-allele model. Since fixation of L11 becomes more proba-
ble as its initial frequency increases, a model of sweeps from
standing genetic variation may be more likely.

Relaxing the assumption of symmetric zji values, we show
that the fixation of the L11 allele becomes more likely. This is
because the optimum genotype does not correspond neces-
sarily to the heterozygous state. For example, if the contri-
butions of the L11, L

2
1, L

1
2, and L22 alleles are 21, 1, 1, 1,

respectively, and the optimum genotypic value is at 0, then
the L11 allele is clearly beneficial: the second locus contrib-
utes +2 to the genotypic value, and only the L11L

1
1 genotype

may bring the population to the optimum by contributing
22. Figures 4 and 5 show that in the general fitness model
a larger proportion of trajectories results in fixation com-
pared to the symmetric fitness model.

Assuming an effective population size N = 10000 we also
explore the effects of random genetic drift. Genetic drift
increases the proportion of the trajectories that reach mono-
morphic states (Figure S1C). This is expected because ge-
netic drift pushes the model toward its absorbing states.
Therefore, selection needs to be sufficiently strong to main-
tain the polymorphic state of the trajectory. This is illus-
trated clearly in Figure 3, where the v2 value is small for
the vast majority of trajectories that are polymorphic at
equilibrium.

When more than two loci are modeled, the proportion of
trajectories that reach fixation decreases as the number of
loci increases (Figures 4, 5, and 6). The proportion of tra-
jectories that become extinct increases, whereas that of tra-
jectories that remain polymorphic decreases. This is in
agreement with the results of Bürger (2000) who shows that
when the trait is determined by more than four loci the
monomorphic equilibrium points become more likely.

Model limitations

We presented a study of selective sweeps in multilocus
models based on numerical calculations and computer
simulations. We studied the effects of recombination rates
between loci, locus contributions to the phenotypic value,
selection intensity v2, and the initial allelic frequencies on
the fixation of a focal allele. Our approach allows for back-
ground genetic variance to change over time in response to
genetic drift (in the stochastic model), selection and re-

combination. Therefore, to some extent our approach is
more realistic than previous studies where constant back-
ground genetic variance was assumed (Lande 1983; Chevin
and Hospital 2008). On the other hand, we do not allow for
mutations, the optimum phenotypic value remains constant,
generations are discrete, mating is random, and there is no
interaction between genotype and environment, while all
these factors should maintain higher genetic variance in
the trait than pure stabilizing selection as modeled here.
With stochastic simulations several of these assumptions
can be relaxed (for example, assortative mating, changing
of the optimum phenotypic value, and allowing mutations).
Relaxing these assumptions, however, would complicate the
analysis and the interpretations of the results.

Furthermore, by using Lowess smoothing functions we
study the effects of parameters independently of each other.
Clearly, several parameters interact (e.g., initial allelic fre-
quencies and v2 values), affect the probability of fixation
jointly, or confound each other. Due to the large number
of parameters, however, a joint study of all parameters or
parameter combinations would be prohibitive.

Additionally, we demonstrated that a significant percent-
age of trajectories may reach fixation under our simulation
parameter values. This result might be invalid for multilocus
models in general, since we omit mutations during simu-
lations and we study only a single trait.

A further limitation of our analysis might be that different
simulated models assume different numbers of free param-
eters. For example, as mentioned above, we sample allelic
effects in ½22; 2�2 for the symmetric two-locus two-allele
model but in ½22; 2�4 for the general two-locus two-allele
model. Thus, comparing the proportions of fixed trajectories
between models with different sampling space might be
problematic. Similarly, when the number of loci increases,
the whole range of possible genotypic values increases given
that allelic effects are sampled from the same range (here
½22; 2�). This has the important side effect that stabilizing
selection becomes stronger on average as the number of loci
increases, since the deviation of initial phenotypic values
from the optimum increases as the number of loci increases.
It is possible that the proportion of fixed trajectories is af-
fected by the initial selection intensity and results illustrated
in Figures 4, 5, and 6 are to some extent confounded by the
differences in the initial phenotypic values in models that
include more than two loci.

Coalescent trees for trajectories that approach fixation
are similar to coalescent trees of classical
selective sweeps

Conditioning on the trajectory of the L11 allele, coalescent
simulations have been implemented. As mentioned previ-
ously, this is correct only for weak selection and weak link-
age. However, such a first approximation is useful to study
the genealogical properties and the patterns of neutral poly-
morphism around the L1 locus. When the L11 allele fixes in
the population, then the genealogies around the L1 locus are
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similar to the classical selective sweep (given that the initial
frequency of L11 is small). The coalescent trees are on aver-
age imbalanced and short in the proximity of L1, as expected
in a classical selective sweep model. The imbalance increases
as we move away from the focal locus, before it reverts to
neutral levels.

Coalescent trees for trajectories that stay polymorphic
at intermediate or low frequencies resemble neutrality

When the trajectories do not reach fixation, then a part or all
signatures of a selective sweep become invisible, depending
on the equilibrium frequency of the trajectory. For example,
when the equilibrium frequency is between 0.9 and 1, then
the height of the coalescent tree equals the neutral expect-
ations, because ancestral alleles (L21) exist in the present-day
sample. For smaller equilibrium frequencies (e.g., 0.3–0.4)
both the coalescent and polymorphism summaries resemble
the neutral expectations.

Depending on the parameter values, a large fraction of
trajectories is maintained at some equilibrium value and
does not reach fixation. For these trajectories analysis of
incomplete sweeps (Sabeti et al. 2002; Voight et al. 2006;
Tang et al. 2007) may be useful. There is, however, an es-
sential difference between incomplete sweeps and sweeps in
multilocus models that were studied in this article. Incom-
plete sweeps are on the way to fixation, whereas the sweeps
studied here remain at equilibrium frequency. Therefore, the
signatures of selection will be visible only in the cases in
which the equilibrium frequency has been reached recently.
If the trajectory remained at the equilibrium level (either
polymorphic or monomorphic for the focal allele) for too
long, then the signatures of selection will fade away due
to recombination.

Our results indicate that detection of selection from
polymorphism patterns in multilocus models may be hard.
When the focal allele fixes in the population, then the
statistical tools that are used to detect sweeps in one-locus
two-allele models may be useful (e.g., Kim and Stephan
2002; Nielsen et al. 2005; Pavlidis et al. 2010). This is also
true for equilibrium points close to fixation. Even if the pat-
terns appear to be different than those of fixed trajectories,
the direction of perturbations is similar to the classical
sweep models, and therefore the same statistical tools may
be used. However, for smaller equilibrium frequencies some
or all signatures of selection studied in this article disappear.

A hallmark of multilocus two-allele models are the
nonmonotonic trajectories. This class of trajectories is absent
from one-locus two-allele models. These trajectories quickly
approach a certain frequency, but eventually they decline
either to extinction or to some other equilibrium frequency.
The difference between their maximum frequency and the
equilibrium frequency may be quite large. In the simulated
data sets, we observed differences even larger than 0.5.
However, the polymorphism and coalescent patterns seem
to be very similar to the neutral expectations. Thus, these
trajectories may be completely invisible using the summary

statistics studied in this article. Summarizing the results, it
may be claimed that the statistical tools that have been
developed to detect selective sweeps may detect only a small
proportion of the multilocus selection cases, namely only
those cases that result in fixed trajectories or equilibrium
trajectories close to fixation. Tools that are used for
detecting incomplete sweeps may be useful when the
trajectory has reached its equilibrium frequency very re-
cently. For trajectories that have reached their equilibrium
frequency further in the past, we expect that recombination
will destroy the signatures of selection. In fact, the results
imply that positive or stabilizing selection may occur at
a much higher rate than previous studies that analyze
selective sweeps report (e.g., Li and Stephan 2006). How-
ever, the majority of the cases remains undetectable since
both the coalescent trees (as summarized here) and the
polymorphism summary statistics do not deviate from
neutrality.

Comparison of the present study to Chevin
and Hospital (2008)

To our knowledge the only study of selective sweeps at QTL
was done by Chevin and Hospital (2008). They assume an
infinite number of unlinked and independent loci that con-
trol a trait. Moreover they assume that the variability in the
genetic background remains constant during the selective
phase and that the effect of the focal locus on the trait value
is small compared to the effect of the genetic background.
These assumptions enable them to solve the trajectory of
a new allele analytically for linear, exponential, and Gauss-
ian fitness functions. Chevin and Hospital (2008) focus
mainly on the trajectories that reach fixation, but they also
study trajectories that initially increase and vanish eventu-
ally. Under their model polymorphic equilibria are also pos-
sible for certain initial conditions (Luis-Miguel Chevin,
personal communication). The results of Chevin and Hospital
(2008) indicate that trajectories of new alleles evolve slightly
slower than classical selective sweeps, and given that the
allele will be fixed, selective sweeps look slightly older than
the classical one-locus selective sweep.

In our study, we model the genetic basis of a quantitative
trait explicitly, taking into account that a finite number of
loci makes the model mathematically intractable. Therefore,
computer simulations were employed to study the trajectory
of a new beneficial allele. The contribution of alleles may be
arbitrary as well as the recombination fraction between the
loci. We provide information about the role of various
parameters on the fixation of the trajectories, but we also
study extensively the trajectories that remain polymorphic.
The present study may thus be considered complementary
to the study of Chevin and Hospital (2008) for finite multi-
locus models, providing information about the trajecto-
ries of new alleles and the polymorphism patterns
generated by selective sweeps in multilocus models. Fur-
thermore, our study complements the deterministic anal-
yses of Willensdorfer and Bürger (2003) and Gimelfarb
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(1998) by including random genetic drift. We expect that
the results of this study as well as those of the previous
theoretical investigations will be essential for the develop-
ment of software for the detection of selective sweeps in
multilocus models.
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Figure	  S1	  	  	  Empirical	  cumulative	  distribution	  for	  final	  trajectory	  frequencies.	  A)	  Frequencies	  obtained	  after	  10000	  simulated	  
generations	  for	  the	  two-‐locus	  two-‐allele	  deterministic	  model	  with	  symmetric	  fitness.	  A	  distribution	  of	  frequencies	  is	  obtained	  in	  [0,1].	  
The	  vast	  majority	  of	  frequencies	  for	  the	  allele	  are	  either	  0,	  0.5,	  or	  1.	  	  B)	  	  The	  empirical	  cumulative	  distribution	  for	  the	  equilibrium	  
frequency	  of	  the	  stochastic	  two-‐locus	  two-‐allele	  model	  (where	  the	  equilibirum	  frequency	  is	  obtained	  by	  averaging	  over	  the	  last	  500	  
generations;	  see	  main	  text).	  C)	  Empirical	  cumulative	  distribution	  of	  the	  frequencies	  of	  the	  trajectories	  after	  10000	  generations	  for	  the	  
deterministic	  two-‐locus	  two-‐allele	  model	  assuming	  a	  general	  fitness	  matrix.	  In	  contrast	  to	  the	  symmetric	  fitness	  model,	  where	  4.15%	  of	  
the	  trajectories	  fix,	  in	  the	  general	  fitness	  model	  34.65%	  of	  the	  trajectories	  reach	  fixation.	  The	  percentage	  of	  trajectories	  that	  stay	  at	  
equilibrium	  frequency	  0.5	  is	  smaller.	  	  	  
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Figure	  S2	  	  	  Histogram	  of	  final	  frequency	  of	  trajectories	  under	  the	  symmetric	  (light	  colored),	  general	  (black)	  and	  heterozygote	  
advantage	  (but	  no	  symmetry)	  model	  (gray).	  	  
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Figure	  S3	  	  	  Effect	  of	  the	  ratio	   ϕ of	  
z 1
1

	  to	  "initial	  mean	  phenotypic	  value"	  under	  symmetric	  fitness	  models.	  A)	  Two-‐locus	  two-‐allele	  
model,	  B)	  four-‐locus	  two-‐allele	  model.	  For	  illustration	  only	   ϕ 	  values	  between	  -‐10	  and	  10	  are	  shown.	  There	  are,	  however,	  outliers	  
whose	  absolute	  value	  is	  greater	  than	  100	  (this	  may	  happen	  when	  the	  initial	  mean	  phenotypic	  value	  is	  very	  small).	  The	  pattern	  for	  
models	  with	  more	  than	  two	  loci	  are	  similar	  to	  B).	  As	  shown	  in	  A)	  for	  the	  two-‐locus	  two-‐allele	  model,	  the	  variance	  of	   ϕ 	  is	  smaller	  for	  
trajectories	  that	  reach	  fixation	  than	  trajectories	  that	  either	  stay	  polymorphic	  at	  0.5	  or	  vanish.	  Trajectories	  with	  final	  frequency	  in	  (0.5,	  1)	  
have	  a	  smaller	  variance	  than	  trajectories	  with	  final	  frequency	  in	  (0,	  0.5).	  This	  pattern	  is	  less	  apparent	  for	  models	  with	  more	  than	  two	  
loci.	  
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Figure	  S4	  	  	  Effect	  of	  the	  ratio	   ϕ of	  
z 1
1

	  to	  "initial	  mean	  phenotypic	  value"	  under	  general	  fitness	  models.	  A)	  two-‐locus	  two-‐allele	  
model,	  B)	  four-‐locus	  two-‐allele	  model.	  For	  illustration	  only	   ϕ 	  values	  between	  -‐50	  and	  50	  are	  shown.	  Variance	  of	   ϕ 	  for	  the	  absorbing	  
states	  (frequency	  1.0	  or	  0.0)	  is	  greater	  than	  for	  the	  intermediate	  polymorphic	  frequencies.	  	  
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Figure	  S5	  	  	  The	  growth	  rates	  for	  the	  
L1
1 L2

1
	  	  and	  

L1
1 L2

2
	  	  trajectories	  are	  different.	  The	  

L1
1 L2

1
	  	  trajectory	  grows	  faster	  than	  the	  

L1
1 L2

2
	  	  trajectory.	  Therefore,	  the	  coalescent	  rate	  for	  the	   L1

1
	  allele	  	  	  depends	  on	  whether	  it	  is	  located	  on	  the	  gamete	  
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	  or	  on	  
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.	  



P.	  Pavlidis,	  D.	  Metzler,	  and	  W.	  Stephan	   7	  SI	  

 

 

Table	  S1	  	  	  	  (A)	  Genotypic	  values	  and	  (B)	  fitnesses	  for	  the	  symmetric	  fitness	  model	  	  	  

A  

 L2
1 L2

1
 L2

1 L2
2

 L2
2 L2

2
 

L1
1 L1

1
 

-γ1 - γ2 -γ1 -γ1 + γ2 

L1
1 L1

2
 

-γ2 0 γ2 

L1
2 L1

2
 

γ1-γ2 γ1 γ1+γ2 

     

B  

 L2
1 L2

1
 L2

1 L2
2

 L2
2 L2

2
 

L1
1 L1

1
 

1−d 1−b 1−a 

L1
1 L1

2
 

1−c 1 1−c 

L1
2 L1

2
 

1−a 1−b 1−d 
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File	  S1	  

Implementation	  
 
Forward	  simulations	  have	  been	  implemented	  in	  a	  C++	  program	  available	  on	  the	  webpage	  http://bio.lmu.de/~pavlidis	  or	  upon	  request	  

(pavlidisp@gmail.com).	  The	  stochastic	  model	  assumes	  N	  diploid	  individuals.	  The	  number	  of	  loci	  l	  may	  be	  arbitrary.	  However,	  large	  (>20)	  

values	  of	  l	  may	  require	  extensive	  computational	  time	  and	  memory.	  For	  each	  generation,	  N	  individuals	  are	  chosen	  as	  fathers,	  and	  N	  as	  

mothers	  according	  to	  their	  fitness	  value.	  For	  each	  sex	  this	  is	  done	  by	  multinomial	  sampling	  with	  parameters	  N	  and	  (F1,	  ...,	  FN),	  where	  Fi	  is	  

the	  fitness	  of	  the	  ith	  individual	  normalized	  by	  the	  average	  fitness	  of	  the	  population.	  The	  same	  individual	  is	  possible	  to	  be	  a	  mother	  and	  a	  

father.	  Then,	  recombination	  occurs	  for	  each	  parent,	  and	  a	  recombinant	  chromosome	  is	  generated	  that	  will	  pass	  to	  the	  next	  generation.	  

Mating	  is	  random.	  All	  measurements	  (frequencies	  of	  alleles,	  average	  fitness,	  average	  trait	  value	  etc.)	  are	  calculated	  in	  the	  zygote	  step.	  	  

	   The	  code	  provides	  further	  extensions	  to	  the	  classical	  two-‐	  and	  l-‐locus	  models	  as	  described	  in	  the	  main	  text.	  First,	  it	  allows	  for	  

different	  optimum	  values	  for	  male	  and	  female	  individuals.	  Second,	  the	  optimum	  for	  the	  trait	  may	  change	  after	  time	  t	  (t	  follows	  either	  an	  

exponential	  distribution,	  or	  it	  is	  predefined	  by	  the	  user)	  to	  a	  new	  value,	  which	  is	  either	  uniform	  or	  predefined	  by	  the	  user.	  Additionally,	  

mutations	  can	  be	  assumed	  to	  occur	  for	  each	  locus.	  The	  environmental	  effect	  follows	  a	  Gaussian	  distribution,	  or	  is	  absent.	  The	  effective	  

population	  size	  is	  constant,	  but	  an	  extension	  to	  a	  (stepwise)	  changing	  population	  size	  can	  be	  readily	  implemented.	  	  


